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Abstract

In this note we generalize the fact that in topological vector spaces the algebraic sum
of closed set A and compact set B is closed. We also prove some conditions that are
equivalent to reflexivity of Banach spaces.
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1 Inroduction

Let X be a Hausdorff topological vector space. By C(X) we denote the family of all closed
subsets of X and by K(X) the family of all compact subset of X. For a nonempty subsets
A,B ⊂ X we define the algebraic sum (Minkowski sum ) as follow

A+B = {a+ b : a ∈ A, b ∈ B}.

It is wll known that if A,B are closed sets then A + B need not to be closed, but also it is
known that if A ∈ C(X) and B ∈ K(X) then A + B ∈ C(X). In this note we prove the last
result with some more abstract point of view.

2 Reflexive spaces

In this section we give some results which show the connections of closedness of algebraic
sum of sets with reflexivity of Banach spaces.

Theorem 2.1. Let X be a Banach space and let B be the closed unit ball in X. Then X is
a reflexive Banach space if and only if for every closed convex and bounded subset A of X
the algebraic sum A+B is closed.

Proof. (Necessity.) Assume that X is a reflexive Banach space, then every closed bounded
and convex set is a weakly compact. Since algebraic sum of two weakly compact sets is again
weakly compact we conclude that A+B is a weakly compcact set, and therefore closed.
(Sufficiency.) Assume that X is not reflexive Banach space. Then by Theorem of James
there exists a continuous linear functional
f : X → R, such that ||f || = 1 and f(x) < 1 for every x ∈ B.
Let

A = {x ∈ X : f(x) > 1, ||x|| 6 2}

Then A is a closed bounded and convex set but A+B is not closed. q.e.d.
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Now using the theorem 1 we prove the following theorem

Theorem 2.2. Let X be a Banach space and denote by τs the norm topology. Then X is
a reflexive Banach space if and only if there exists a linear Hausdorff topology τ on X such
that τ ⊂ τs and every closed convex and bounded subset of X is compact in the topology τ.

Proof. (Necessity.) If X is a reflexive Banach space then we can take τ to be equal the weak
topology on X.
(Sufficiency.) Suppose that every closed convex and bounded subset of X is compact in the
topology τ. Then for any closed convex and bounded set A the algebraic sum A+B, (where
B is a closed unit ball in X) is compact in τ, and hence closed in τ, but since τ ⊂ τs it is
also closed in τs. Thus by theorem 1 the space X is reflexive. q.e.d.

Definition 2.3. Let X be a topological vector space and A,B ⊂ X. We say that the sets
A and B can be strictly separated by hyperplane if there exists a continuous functional
f : X → R, and real numbers u, v such that

f(x) < u < v < f(y) for all x ∈ A, y ∈ B.

It is well known that in locally convex topological vector spaces a closed convex sets can
be strictly separated from disjoint compact convex sets by a hyperplane.

The next theorem show the connections between a reflexivity and separation.

Theorem 2.4. Let X be a Banach space. Then X is reflexive Banach space if and only if
every two disjoint closed bounded and convex sets can be strictly separated by a hyperplane.

Proof. (Necessity.) Let X be a reflexive Banach space and let A,B be a two nonempty
disjoint closed convex and bounded sets. Then X with the weak topology τw is a locally
convex space in which the sets A,B are compact and thus by a separation theorem A,B can
be strictly separated by a hyperplane in (X, τw). Surely the sets can be also separated by a
hyperlane in X since every weak continuous linear functional is also continuous in the norm
topology.
(Sufficiency.) Assume that every two disjoint closed bounded and convex sets can be strictly
separated by a hyperplane. Let A,B be two disjoint closed bounded and convex sets, we
prove that in this case the set A − B is closed. To prove this assume contrary that A − B
is not closed. Without loss of generality we may assume that 0 ∈ A−B \ (A − B). By
assumption there exists a continuous linear functional f : X → R such that

f(x) < u < v < f(y) for all x ∈ A, y ∈ B,

for some u, v ∈ R.
Therefore

f(w) < u− v for all w ∈ A−B,

hence
f(w) 6 u− v < 0 for all w ∈ A−B,
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thus 0 /∈ A−B and we get a contradiction.
So we have just proved that for any two disjoint closed bounded and convex sets A,B, the
set A−B is closed.
Now let A,B be any two closed convex and bounded sets. Then there exists a vector x ∈ X
such that the sets x+A and B are disjoint, and hence (by what we have just proved above)
the set (x+A)−B is closed. But then the set [(x+A)−B]− x = A−B is closed too.
Finally from the equality A+B = A− (−B) we obtain that the sum A+B is closed for any
two closed convex and bounded set therefore by theorem 1 the space X is a reflexive Banach
space. q.e.d.

The last theorem in this section gives also a condition which is equivalent to reflexivity
for Banach spaces.

Theorem 2.5. A Banach space X is reflexive if and only if every closed and convex set has
an element with minimal norm.

Proof. (Necessity.) Assume thatX is a reflexive Banach space and let A be a nonempty closed
and convex set. Without loss of generality we may assume that 0 /∈ A. Let a = infx∈A ||x||
we’ll show that there is an element u ∈ A such that ||u|| = a. To prove this let

Bn = {x ∈ X : ||x|| 6 a+ n−1}

then the sets Cn = Bn ∩ A form a descending sequence of nonempty closed convex and
bounded and hence weakly compact and convex sets. Thus

C =
⋂
n

Cn 6= ∅

and it is easy to observe that for v ∈ C we have ||v|| = a.
(Sufficiency.) Assume that every closed and convex set has an element with minimal norm.
Let f : X → R be a continuous linear functional with ||f || = 1. Then the set A = {x ∈ X :
f(x) > 1} is closed and convex therefore by assumption it has an element x0 with minimal
norm. It is easy to observe that ||x0|| = 1 and thus f attains its maximum on unit ball.
Hence by theorem of James X is reflexive Banach space. q.e.d.

3 Closedness of algebraic sum

In this section we prove a theorem which is a generalization of the fact that in Hausdorff
topological vector space the algebraic sum of closed set A and compact set B is closed.

Theorem 3.1. Let X,Y, Z be Hausdorff topological spaces and let
f : X × Y → Z be a function such that:

(a) f is continuous, and for every y ∈ Y the function f(·, y) is an injection.

(b) there exists a continuous function ϕ : Y × Z → X such that f(ϕ(y, z), y) = z for all
(y, z) ∈ Y × Z.
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Assume that A ⊂ X × Y is a closed set such that:

(c) the projection πY (A) = {y ∈ Y : (x, y) ∈ A} of the set A is compact.

Then the image f(A) = {z ∈ Z : z = f(x, y) for some (x, y) ∈ A} of the set A is closed.

Proof. Let zα ∈ f(A), α ∈ Λ be an MS-sequence tending to z0. Then there exists a MS-
sequences xα, yα, α ∈ Λ such that (xα, yα) ∈ A and zα = f(xα, yα). Therefore xα ∈
πX(A), yα ∈ πY (A), but since πY (A) is compact there exists a MS-subseqence yβ , β ∈ Σ of the
MS-sequence yα, α ∈ Λ such that yβ → y0 ∈ πY (A). Moreover by the continuity of ϕ we get
xβ = ϕ(yβ , zβ) → ϕ(y0, z0) = x0 ∈ X. But A is closed and (xβ , yβ) ∈ A, (xβ , yβ) → (x0, y0)
thus (x0, y0) ∈ A. Therefore f(xβ , yβ) → f(x0, y0) ∈ f(A). But f(xβ , yβ) → z0 and thus
z0 = f(x0, y0) ∈ f(A) and the proof is complete. q.e.d.

Corollary 3.2. Let (G,+) be a Hausdorff topological group and let B,C ⊂ G, be subsets
such that B is closed and C is compact. Then the algebraic sum B + C is closed.

Proof. To prove this it is enough to take in theorem 5 : X = Y = Z = G, A = B × C,
f(x, y) = x+ y, ϕ(y, z) = z − y. q.e.d.
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